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Abstract: In this paper, we consider a Timoshenko system with a thermo-viscoelastic 
damping and a delay term in the internal feedback 

' Pim - K{ip^ + = 0, (x, t) E (0,1) X (0, oo), 

P 2 'iIju - bipxx + K{(fx + pj) + jSOx = 0, (x, t) E (0,1) X (0, oo), 

< xt 

P'i^^tt 4“ 'yP^ttx T / 9{b '5)^x3;('S)ds 

Jo 

+Pi0t{x,t) + ^I20t{x,t - t) = 0, (x,t) E (0,1) X (0,oo) 

together with initial datum and boundary conditions of Dirichlet type, where g 
is a positive non-increasing relaxation function and pi,p 2 are positive constants. 
Under an hypothesis between the weight of the delay term in the feedback and the 
the weight of the friction damping term, using the Faedo-Galerkin approximations 
together with some energy estimates, we prove the global existence of the solu¬ 
tions. Then, by introducing appropriate Lyapunov functionals, under the imposed 
constrain on the weights of the two feedbacks and the coefficients, we establish the 
general energy decay result from which the exponential and polynomial types of 
decay are only special cases. 

Keywords: Global existence; General energy decay; Timoshenko system; Relax¬ 
ation function. 

AMS Subject Classification (2010): 35B35, 35L55, 74D05, 93D15 

1 Introduction 

In this paper we investigate the existence and decay properties of solutions for the Timoshenko 
system with a thermo-viscoelastic damping and a delay term of the form 

’ Pim - K{p>x + i>)x = 0, ix,t) E (0,1) X (0,oo), 

P 2 i’tt - bipxx + K{ipx + 'ip) + I36x = 0, {x,t) E (0,1) X (0,oo), 

< rt (1.1) 

Pob^tt ^b^xx T 'yP^ttx U / pit 'S)^a:a;('S)ds 

do 

+pii6t{x,t) +g20t{x.,t-T) = Q, (x,t) E (0,1) X (0,oo) 

^Corresponding author. E-mail: mmchennuist(3163.com. 
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with the following initial datum and boundary conditions: 


' (/5(x,0) = (/?o, </?t(x,0) = (/?i, 'ij;{x,0) = ijjo, V't(x,0) = V'l, xG[0, 1], 

6»(x,0) = 6'o, 6t{x,0)=9i, xG[0, 1], 

V?(0, t) = ip{l, t) = t) = -0(1, t) = 0x{O, t) = 9x{l, t) =0, t £ [0, oo), 

_ 9tix, t-T) = /o(x, t - r), (x, t) G (0,1) X (0, r), 

where the coefficients pi, p 2 , P 3 , K,b, ^,^,6, and p 2 are positive constants, r > 0 represents 
the time delay. 

System o arises in the theory of the transverse vibration of a beam which was first 
introduced by Timoshenko. In 1921, Timoshenko [25] considered the following system of 
coupled hyperbolic equations: 


p(ptt - K{ip^- 'ip)^ = 0, (x, t) G (0, L) X (0, oo), 

Ipi^tt - - K{ip^ - ^) = 0, (x,t) G (0,L) X (0,oo), 


where is the transverse displacement of the beam and ijj is the rotation angle of the filament 
of the beam. The coefficients p,Ip,E,I and K are the density, the polar moment of inertia of 
a cross section. Young’s modulus of elasticity, the moment of inertia of a cross section, and the 
shear modulus, respectively. 

Many mathematicians have studied system m and some results concerning the existence 
and asymptotic behavior of solutions have been established, see for instance 121 ini [221123] 
and the references therein. Kim and Renardy |5| considered (11.31) together with two linear 
boundary conditions of the form 


dib, ^ dip, , 


t G [0, oo), 
t G [0, oo), 


and used the multiplier techniques to establish an exponential decay result for the energy of 
They also provided numerical estimates to the eigenvalues of the operator associated 
with the system ()1.3p . Soufyane and Wehbe [23] considered 


piftt - ip)^ = 0, (x, t) G (0, L) X (0, oo), 

Ipiptt - {Ehp^)^ - K{ip^ - Ip) + h{x)ipt = 0, (x, t) G (0, L) x (0, oo), 


(1.4) 


where 5 is a positive and continuous function, satisfying 


6(x) > 6o > 0, Vx G [ao,ai] C [0,L]. 

They proved that the uniform stability of (jl.4p holds if and only if the wave speeds are equal 
("p" ~ T^) ’ Otherwise only the asymptotic stability has been proved. For more results related 
to system dLSD, we refer the readers to and references therein. 
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In [I3], Messaoudi and Said-Houari considered the one-dimensional linear Timoshenko sys¬ 
tem of thermoelastic type 



' puptt - K{(px + ip)x = 0, 

(x,t) E (0,1) X (0,oo), 


< 

P2'il^tt - b'tpxx + K{ipx + 'ip) + I30X = 0, 

(x,t) E (0,1) X (0,oo), 

(1.5) 


Pz^tt bOxx T 'y'4^ttx bhOtxx — b) 

(x, t) E (0,1) X (0, 00 ). 


They used the energy method to prove an exponential decay under the condition ^ 

II 

> 


similar result was also obtained by Rivera and Racke m and Messaoudi et al. [12]. Then, 
in im, Messaoudi and Fareh also considered problem (11.51) . By introducing the first and 
second-order energy functions, they proved a polynomial stability result under the condition 

Pi ^ P2 
K ' b ■ 

The case of time delay in the Timoshenko system has been studied by some authors. Said- 
Houari and Laskri [19] considered the following Timoshenko system with a constant time delay 
in the feedback: 


piiptt - K{ip^ + = 0, (x, t) E (0,1) X (0, oo), 

P 2 'iptt - bipxx + K {px + tp) + + P 2 'ipt{x, t-r) = 0, (x, t) E (0,1) x (0, oo). 


( 1 . 6 ) 


They established an exponential decay result for the case of equal-speed wave propagation 
{% = ^) under the assumption p 2 < Pi- Then, Kirane el al. [7] considered the Timoshenko 
system with a time-varying delay 

j ppptt - K{ipx + i')x = {x, t) E (0,1) X (0, oo), 

i P2i’tt - bipxx + K{px + '(p) + MiV'i + (x, t - r(t)) = 0, (x, t) E (0,1) x (0, oo). 


where r(t) > 0 represents the time varying delay, 0 < tq < r(t) < r and pi, p 2 are positive 
constants. Under the assumptions % = ^ and p 2 < — dpi, where d is a constant such 

that T'{t) < d < 1, they proved that the energy decays exponentially. 

In the presence of the thermo-viscoelastic damping, Djebabla and Tatar [T] considered the 
following Timoshenko system: 

' puptt - K{(px + V')* = 0, (x,t) E (0,L) X (0,oo), 

P2'4’tt-b'ipxx + K{px + i')+l0x = ^, (x,t) E (0,L) X (0,oo), 

PzOtt - 60XX + P [ g{t- s)6xx{s)ds + -fipttx = 0, (x, t) E (0, L) x (0, oo), 

Jo 

where pi, p 2 , po, K,b, and 6 are positive constants. They proved the exponential deacy of 
solutions in the energy norm if and only if the coefficients satisfy ^ — p 2 = b — = 7 and 

g decays uniformly. 

Kirane and Said-Houari | 6 | examined the system of viscoelastic wave equations with a linear 
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damping and a delay term 


I 


tttt — Am + / g{t — s)Au{x, s)ds + fiiut{x,t) 


+g- 2 Ut {x,t- t) = 0, 
u{x, t) = 0, 

u(x, 0) = Mo(x), Ut{x, 0) = Ui{x), 
_ Ut{x,t- t) = fo(x,t- r), 


(x, t) € fl X (0, oo), 
(x, t) G dQ X (0, oo), 

X G Q, 

{x, t) G Q X (0, r), 


(1.7) 


where n is a regular and bounded domain of M.^{N > 1), gi,g 2 are positive constants, r > 
0 represents the time delay and mo,mi,/o are given functions belonging to suitable spaces. 
They proved that the energy of problem (|1.7p decreases exponentially as t tends to infinity 
provided that 0 < /i 2 < /ri and g decays exponentially. Liu [9] considered the viscoelastic wave 
equation with a linear damping and a time-varying delay term in the feedback. Under suitable 
assumptions, he established a general decay result. 

Motivated by above research, we consider the well-posedness and the general energy decay 
for problem (|l.lll . First, using the Faedo-Galerkin approximations together with some energy 
estimates, and under some restriction on the parameters gi and 1 x 2 , the system is showed to be 
well-posed. Then, under the hypothesis fi 2 < we prove a general decay of the total energy 
of our problem by using energy method. Our method of proof uses some ideas developed in 
[6] for the wave equation with a viscoelastic damping and a delay term, enabling us to obtain 
suitable Lyapunov functionals, from which we derive the desired results. We recall that for 

= /^ 2 ) Nicaise and Pignotti showed in m that some instabilities may occur. Here, due to 
the presence of the viscoelastic damping, we prove that our energy still decays generally even 
if fii = fi2- 

The remaining part of this paper is organized as follows. In Section [21 we present some 
materials and recall some useful lemmas needed for our work and state our main results. In 
Section [3l we will prove the well-posedness of the solution. We will prove several technical 
lemmas and the general decay result under the two cases: fi 2 < 1*1 and /i 2 = Mi in Section 01 


2 Preliminaries and main results 

In this section, we present some assumptions and state the main results. We use the standard 
Lebesgue space L^(0,1) and the Sobolev space 77 q( 0, 1) with their usual scalar produces and 
norms and define the following space X as 

X = X L2(0,1)]^ X U X 77, 

where 

V = 


4 



and 


H = {e G L\o,i)\9^{o,t) = = 0,yt G [0,oo)}. 

First, in order to exhibit the dissipative nature of system o , as in m. we introduce the 
new variables ^ = (pt and 'i’ = 'ijjf Then, as in m, we introduce the function 

z{x,p,t) = 9t{x,t - pr), {x,p,t) G (0,1) X (0,1) x (0,oo). 

Then, we have 

TZt{x,p,t) + Zp{x,p,t) = 0, {x,p,t) G (0,1) X (0,1) X (0,oo). 

Therefore, problem (jl.ip is equivalent to 

' pi^tt - + T)a; = 0, (x, t) G (0,1) X (0, oo), 

P2^tt - b^xx + K{^x + T) + f39tx = 0, (x,t) € (0,1) X (0,oo), 

P^Ott - b9xx + + f g{t- s)6'a;a;(s)ds (2.1) 

JO 

+Pi9t{x, t) + P 2 z{x, 1, t) = 0, (x, t) G (0,1) X (0, oo), 

_ TZt{x, p, t) + Zp{x, p, t) = 0, (x, p, t) G (0,1) X (0,1) X (0, oo) 

with the following initial datum and boundary conditions: 

'd>(x,0) = $o, $t(x,0) = d>i, T(x,0) = To, Tt(x,0) = Ti, xE[0,1], 

6»(x,0) = 6'o, 9tix,0)=9i, xE[0, 1], 

d>(0,t) = d>(l,t) = T(0,t) = T(l,t) = 9x{0,t) = 9xil,t) =0, tG [0,oo), 


z{x,0,t) = 9tix,t), 

_ 9t{x,t- t) = fo{x,t- r). 

Next, we denote by * the usual convolution term 

{g*h){t)=[ g{t-s)h{s)ds 
Jo 

and the binary operators o and o, respectively, by 

{goh){t)=f g{t - s) {h{t) - h{s)) ds 
Jo 


(x,t) E (0,1) X (0,oo), 


(x,t) E (0,1) X (0,r). 


( 2 . 2 ) 


and 


{goh){t)=f g{t - s) {h{t) - h{s))^ ds. 
Jo 


The following lemma was introduced in [6]. It will be used in Section |3]to prove the general 
energy decay result for problem (|1.1I1 - (I1.2I) . 


5 




Lemma 2.1 For any function g G C^(M) and any h G 1), we have 

{g * h) {t)ht{t) = -^g{t)\h{t)\‘^ + ^ ^ 

The proof of this lemma follows by differentiating the term go h. 

Lemma 2.2 (fljl) For any function g G (^([O, oo), M+) and any h G L^(0,1), we have 


(2.3) 


and 


[(5 o h){t)]‘^ < 5 ('S)dsJ {g o h) {t), t > 0. (2.4) 

Now, we assume that the kernel g satisfies the following assumptions: 

{HI) g : R+ —>• M+ is a differential function such that 

roo 

g{0) > 0, X = 5- g{s)ds = 5 - g > 0; 

Jo 

{H2) There exists a non-increasing differential function ( : M+ —)• M+ satisfying 

g'{t) < -C{t)g{t), t > 0 

^+00 

/ C{t)dt = -t- 00 . 

Jo 

To state our decay result, we introduce the energy functional associated to problem (|2.ip 


m = I / + bdti} dx 


+ 


/3 


P 30 t + U - / g{s)ds ] 0l + {g O e^) + ^ / z‘^{x, p, t)dp 


> d^:. 


where ^ is a positive constant such that 


Tp2<i< T{2pi - P 2 ) if P2 < Pi, 
f, = TP2 if P2 = Pi- 


(2.5) 


( 2 . 6 ) 

(2.7) 


Our main results read as follows. 

Theorem 2.3 Assume that p 2 < pi- Then for any given (4>o, 4>i, Tq, Ti, 0O) ^ 1 ) ^ X, /o € 
((0, 1) X (0, 1)) and T > 0, there exists a unique weak solution (4>, T, 9 , z) of problem ()2.1I) - 
(12.21) on (0,T) such that 

(4>,T,0) G c([0,T], [t/oHo,!)]' xv)nc^ ([o,r], [l2(0,1)]2 X 77 ) . 
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Theorem 2.4 Assume that /i 2 < and g satisfies {HI) and {H2). Assume further that 
initial datum satisfy 

($0, ‘i>i, ^0, '1^1, Oo, di) ex, foe (( 0 , i) x (o, i)) (2.8) 


and the coefficients pi, p 2 , ps, K,b,'y,6 and fi satisfy 

bpi . Kp3 

-rr -P2 = l, 0 -= /3. 

K Pi 


(2.9) 


Then for any to > 0, there exist two positive constants A and oj independent of the initial 
datum such that 


E{t)<Ae-‘^^'o^^^^‘^\ t>to. 


( 2 . 10 ) 


3 Proof of Theorem 12.3 

In this section, we will use the Faedo-Galerkin approximations together with some energy 
estimates, to prove the existence of the unique solution of problem (|2.ip - (l2.2p as stated in 
Theorem 12.31 

Proof. We divide the proof of Theorem 12.31 in two steps: the construction of approximations 
and then thanks to certain energy estimates, we pass to the limit. 

Step 1: Fadeo-Galerkin approximations. 

As in | 6 ] and [3], we construct approximations of the solution (<h,'k, 6 *,z) by the Faedo- 
Galerkin method as follows. For every n > 1, let lFn=span{a;i,... ,cOn} be a Hilbet basis of 
the space Hq{0, 1 ). 

Now, we define for 1 < j < n the sequence Tpj{x,p) as follows 

Tpj{x,0) = Uj{x). 

Then, we may extend ^j{x, 0) by ^j{x, p) over Lfi ((0,1) x [0,1]) and denote 14=span{^]^,... ,^„}. 
We choose sequences {^on,'^On,Gon) and (4>i„, 4'i„, 0i„) in Wn and a sequence (zon) in Vn 
such that (4>on,^in,^On,^'in,6'on,6'in) (4>o, 4>i, ^'o, ^1, ^*0, ^'i) Strongly in X and zon -t /o 

strongly in ((0,1) x (0,1)). 

We define now the approximations: 

n 

{^n{x,t),^ri{x,t),en{x,t)) = {fjn{t), yjn{t), hjn{t)) U:j{x) (3.1) 

i=i 

and 

n 

Zn{x,p,t) = '^ljn{t)Tpj{x,p), (3.2) 

1=1 
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where {^n{t),'^n{t),0n{t), Zn{t)) satisfies the following problem: 


Pi I “1“ K I {^xn “1“ ^n)^xjd-X — 0, 

Jo Jo 

P2 / ^ttnXIjdx + b d>xnX!xjdx + K {^x:n + d>n)uJjdx “ /3 / Otn^xjdx = 0, 
Jo Jo Jo Jo 

/*1 1*1 1*1 pt p\ 

P3 / Ottnl^jdx + 6 OxnOJxjdx “ 7 / "^tn^Jxjdx - g{t - s) Oxn{s)uJxjdxds 

Jo Jo Jo Jo Jo 


+ / {pi6tn{x,t) + lJ, 2 Zn{x,l,t))uJjdx = 0, 

Jo 

(^>n(O),^'n(O),0n(O)) = ($0n, ^'On, ^On) , 
(^>M(O),^'t„(O), 0 i„(O)) = 

^ Zn{x,0,t) = 6tnix,t) 


(3.3) 


and 

/ {TZtnix,p,t) + Zpnix,p,t))Tpjdx = 0, 

< Jo (3.4) 

_ Znix,p,0) = ZOn, 

for 1 < j < n. According to the standard theory of ordinary differential equations, the finite 
dimensional problem (|3.3|) - (I3.4I) has a solution {fjn{t),yjn{t),hjn{t),ljn{t))j^^ ^ defined on 
[0,tn)- Then a priori estimates that follow imply that in fact tn = T. 

Step 2: Energy estimates. 

Multiplying Eq. ([2T])^ by iv'jn and ([iTjlg by integrating over (0,1) 

using integration by parts and Lemma l2.ll we get, for every n > 1, 


+ P2||'I'tn||2 + K\\^x;n + 'I'nili + ^ll'^'xnlli] 


+ 


fJ 


Psll^tnlli ^ ~ j 5'('5)ds^ ll^xnlli + (50 0xn) 


+Ppi [ \\0tnis)\\lds + Pp 2 [ [ Otn{x,s)Znix,l,s)dxds + ^ [ ^('S) ||6'xn(s) H^ds 
Jo Jo Jo Z Jo 


/ (^'o 6 la;„)(s)ds 
^ Jo 

= ^ + P2||'l'l||2 + Ar||<i>a;0 + Tolll + ^Il'I'xolli] + ^ [/^sll^llli + <^11^x0112] • (3-5) 


Let ^ > 0 to be chosen later. Multiplying Eq. (|2.1D ^ by integrating over (0, t) x (0,1), 

we obtain 


1 



t rl pi 


z^ix, p,t)dpdx + 


0 JO 



T Jo Jo Jo 


ZnpZn{x,p,s)dpdxds 


— ^ lkon|lL2((oq)x(0,l))- 


(3.6) 






Now, to handle the last term in the left-hand side of (13.61) . we remark that 


fff 


1 


t /■! rl 


d 


ZnpZnix,p,t)dpdxds = - / / —Znix,P,s)dpdxds 

2 Jo Jo Jo dp 


1 


t fl 



2 ./o JO 


{zl{x, 1, s) - zl{x, 0, s)) dxds. 
Summing up the identities (13.Sp and (13.611 and taking into account (13.71) . we get 

+ /3 ^ \\0tn\\l'^s + ^ zl{x,l,s)dxds 

+I3p2 / / Znix,l,s)0tn{x,s)ds 

Jo Jo 


+ 




2 

= ^n(O) 


[ 9{s)\\exn{s)\\lds - ^ [ {g o 6xn) {s)ds 

Jo ^ Jo 


(3.7) 


(3.8) 


where 


4 ^(^) = j[pi\\^tng + P2\\^tn\\l+K\\^a 

4 


+ ^nlli + ^ll'^'xnlli] 


7’3||^in||2+ J fl'(s)dsj ||^xn||2 + (5 ° ^a;n) + ?||2n||^2((-Q ]^)x(0,l)) 


. (3.9) 


At this point, we have to distinguish the following two cases: 

Case 1: We suppose that p 2 < Pi- Let us choose ^ satisfies inequality (j2.6p . Using Young’s 
inequality, (13.8p leads to: 


^nit) + ^ ^ “ y ) WOtnWlds + 13 Jo Jo 

+Y / 9 i^)P^riis)\\lds - ^ [ {g'O Oxn) {s)ds 
z Jo z Jq 

< ^n(O). 


Consequently, using (j2.7p . we can find two positive constants ci and C 2 such that 


S’n{t)+Ci [ ptnWlds + C 2 [ [ 2;^(x, 1, s)dxds 
Jo Jo Jo 

^ Jo 9is)\\dxnis)\\lds - ^ {g'O Oxn) is)ds 


+ 


< ^n(O). 


(3.10) 


Case 2: We suppose that P 2 = Pi = P and choose ^ = r/r. Then, inequality (|3.10p takes 
the form 

<^n{t) + ^[ g{s)\\9xn{s)\\lds - ^ f {g'o 9xn) {s)ds < S’n{0). (3.11) 

Z Jo Z Jq 
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Now, in both cases and since the sequences ($on)neAf, (^in)neAf, (^On)neAr, (^in)neAf, {Oon)n&N, 
{Gin)neN and {zon)neN converge, and using {HI) and {H2), we can find a positive constant C 
independent of n such that 

S’n{t) < C. (3.12) 

Therefore, using the fact that 6 — g{s)ds > A, the last estimate (I3.12p together with (13.9p 
give us, for all n £ N,tn = T, we deduce that 

is bounded in (o,T-, [Hq{ 0,1)]‘^ x , (3.13) 

i^tn,^tn,Otn)n&n IS bounded in (^0, T; [L^(0, 1)] ^ x (3.14) 

and 

( 2 ;„)neN is bounded in (O, T; ((0,1) x (0,1))) . (3.15) 

Consequently, we may conclude that 



^ (<h, T, 9) weak* 

in L^(0,T;[H^{0,1)]^ XV), 


^tn-! 

^ (4>i,4'i,6't) weak* 

in L°°(0,r;[L2(0,l)]%i/), 



Zn ^ z weak* 

in L°°(0,r;L2((0,l) x (0,1))). 

(3.16) 


From ()3.13p . (I3.14p and (I3.15p . we have (4>„, 'I'^, 0n)nGN is bounded in L°° ^0, T ; [Hq{0, 1)] ^ x . 
Then, (4>„, 6 ',i)„6n is bounded in (o,T-, [F1o( 0, 1)]^ x . Since {^tn,'^tn,0tn)neN is 

bounded in L°° (^0,r; [4.^(0,1)]^ x , {^tn,^tn,0tn)n£N is bounded in (o,T-, [l 2(0, 1)]^ x . 
Consequently, (<h„, 0n)nGN is bounded in ^0,T; [H^{0, 1)]^ x . 

Since the embedding (^0,T; [Ff^(0,1)]^ x ^ [L^(0, 1)]^ x is compact, 

using Aubin-Lions theorem m , we can extract subsequences (4'^, of (^n, 6»„)nGN 

such that 

(4>^,T^,0^) - (4>,T,0) strongly in (o,T; [^^(O,!)]' x . 

Therefore, 

(4>^,4'^,6»^) ^ (4>,T,6') strongly and a.e on (0,r)x(0,l). 

The proof now can be completed arguing as in [8]. 
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4 Proof of Theorem 12.4 


In this section, under the hypothesis ^2 < we show that the energy of the solution of 
problem (| 2 .ip - (l 2 . 2 l) decreases generally as t tends to inhnity by using the energy method and 
suitable Lyapunov functionals. We will separately discuss the two cases which are the case 
fj ,2 < and the case fj ,2 = fJ-i since the proofs are slightly different. 

4.1 The case fj ,2 < fj-i 

Our goal now is to prove the above energy E{t) is a non-increasing functional along the 
trajectories. More precisely, we have the following result: 


Lemma 4.1 Suppose that (HI) and {H2) hold and let (4>,'h,0,2;) be a solution of (I2.1D - (I2.2D . 
Then we have 

E'{t) < oldx + ^ ^ ig' ° - ^ - y) Jq 


^ - Y ) / z‘^(x,l,t)dx <0, t>0. 


(4.1) 


Proof. Multiplying Eq. (12. by 74 >t, ( 12 . 1^ 0 by 7 ^'* and (I2.ip n by jdOt, integrating over (0,1) 
and performing an integration by parts, we find 
"1 

-b P 2 'd>j + -b h^l] dx 


7 d 
2 dt 

2 dt 


LJO 


-b 


L4o 


PsO'f + [6- giT)dT ]0l + {go Ox) \ dx 


= -/3pi f 9tdx-Pp2[ 6tz{x,l,t)dx - ^g{t) [ eldx + ^ [ {g'oex)dx. (4.2) 

Jo Jo z Jq z Jo 

Now, multiplying the Eq. by ^z, integrating the result over ( 0 , 1 ) x ( 0 , 1 ) with respect 

to p and X, respectively, we obtain 


2 dt 


1 rl 


1 rl 


2 ^(x, p, t)dpdx =- 


0 JO 


'T Jo Jo 

.1 rl Q 


zzp{x, p, t)dpdx 


1 

2 r 



0 Jo 


^z^(x,p,t)dpdx 


= Ay [z‘^{x,0,t) - z'^{x,l,t)]dx 
= y/ dx. 


(4.3) 


By Young’s inequality, we have 


- P 2 / 9tz{x,l,t)dx < ^ I 9fdx + ^ I z‘‘{x,l,t)dx 


P2 


(4.4) 


Then, exploiting (14.31) and (14.411 our conclusion holds. 


□ 
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Now we are going to construct a Lyapunov functional £ equivalent to E. For this, we define 
several functionals which allow us to obtain the needed estimates. We introduce the multiplier 
w given by the solution of the Dirichlet problem 

-Wxx = ^x, w{0)=w{l) = 0 (4.5) 


and define the functional 


h{t) = / + Pi^tw + f30x^)dx, t>0. 

Jo 

The derivative of this functional will provide us with the term 

"1 


(4.6) 


~ Jo 

Lemma 4.2 Let be a solution of (|2.ip - (|2.2|) . For any £i > 0, we have 

dtldx + ^fdx + eij^ 

where Cp is the Poincare constant. 

Proof. By differentiating Ii with respect to t and using Eqs. m and mil we conclude 
that 

rl /*1 rl rl rl rl 

I'i{t) =—b / 'I'^dx + p2 / '^fdx — K / T^dx + iF / wldx + pi / ^tWtdx + P / 9xd>tdx. 

Jo Jo Jo Jo Jo Jo 

By exploiting the inequalities 


f w^dx < f T^dx < Cp f 'h^dx, 
Jo Jo Jo 

f w'fdx < Cp f w^^dx < Cp f Tjdx 

Jo Jo Jo 


L/j U.U. \^p I ^ 

and Young’s inequality, we find that 


^ldx + ^ f 'if^dx + ^ f 9ldx + £i f ^^dx + -^ f w'fdx. 

Jo ^ Jo ^P 2 Jo Jo 4ei Jq 

Thus, 

which is exactly (j4.7p . □ 

In order to obtain the negative term of jJ 9^dx, we define the functional 


(^Ps^td + 7'dtx;9 + dx. 
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Lemma 4.3 Let ($, 4', 0, z) be a solution of (|2.ip - (|2.2l) . For any £2 > 0, we have 


dx + ps + -— / Ofdx + £2 'I'xdx 


+T f S{s)ds f {g o Ox) dx + f z'^{x,l,t)dx. ( 4 . 8 ) 

^ Jo Jo ^ Jo 

Proof. A simple differentiation leads to 

/*1 /*1 /*1 /*1 /*1 
=/03 / ^'tdx + pa / 6 'tt6»dx + 7 / 4 '4a;6»dx + 7 / 4'a;6'tdx +/ ^t^dx. 

Xo Xo Xo Xo Xo 

By using Eq. (|2.iP o and ()2.2I1 . we arrive at 

-^ 2 W = -f<J- [ 5 (s)ds^ f 6 ldx+p 3 [ 9tdx+j [ ^^Otdx- [ {g o 9x) 0 xdx-g 2 [ z{x,l,t)9d, 
\ Jo J Jo Jo Jo Jo Jo 

the last three terms can be estimated, using Young’s inequality and Lemma [2.21 as follows, for 

a > 0, 

7 f 'd/x 9 tdx < 62 / 4 '^dx + ^ [ 9 fdx, 

Jo Jo 462 Jo 

—P 2 [ z{x,l,t)9dx < a [ 9‘idx + ——- [ 2 ;^(x, l,t)dx 
Jo Jo 4a Jo 


and 

We deduce that 
42V''i ^ 


-f {g o 9x) 9xdx < a f 9ldx + -^f g{s)ds f {go9x)dx. 


lit) < -(^6- gis)ds - 2a^ 9ldx + (^ps + ^ ^^dx 

+62 f 4'^dx + ^ [ g{s)ds [ {g o 9x) dx + [ z‘^{x,l,t)dx. (4.9) 

Jo 4a Jo Jo 4a Jo 


The choice of a = ^ gives the result. □ 


In order to get the negative terms of fo dx and fo 4'^dx, we define the functional 




hit) = -pi / ^t^dx-p2 / TtTdx. 


f 


Lemma 4.4 Let {^,"d>,9,z) be a solution of (|2.1D - (|2.2I) . Then we have 

Ilit) < -pi [ <l>tdx-p2 [ d>‘fdx + ^ [ T^dx 
Jo Jo ^ Jo 


+K |d>,, + T| 2 dx + 


2b 


Pfdx. 


(4.10) 
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Proof. A differentiation of taking into account (|2.1I1 - (I2.2I) . gives 

rl rl rl rl rl 

= / ‘f’?dx-/92 / 'k?dx + 6 / ^1dx + K / + - (5 / Ot'^xdx. 

Jo Jo Jo Jo Jo 

Using Young’s and Poincare’s inequalities for the last term, we obtain (|4.10l) . □ 

In order to get the negative term of |<I>a; + 'hpdx, we define the functional 

h{t) = P2 [ + ^)dx + {p2 + j) [ ^x^tdx + psf 0t^tdx 

Jo Jo Jo 

»1 rl 


+ 1 + /^ ) / ^X^xdx -I {g* Ox) ^xdx. 

Pi ) Jo Jo 


(4.11) 


Lemma 4.5 Let be a solution of ()2.1ll - ()2.2p and assume that (|2.9p holds. Then, 

for any £4 > 0, we get 

m < e4 (1 + ^) [$^(1) + ■s?(o)i + + tlwi + jf/iO) + «?(o)i 

—K f |<I> 3 ; +'kpdx + £4 [ 'h^dx + f 0^dx + 2£4 f <h^dx 

Jo Jo dei Jq Jo 


+P 2 [ ^tdx + ^4 y ^Idx + J eldx - [ {g' o Ox) dx 


JO 


/o 


(4.12) 


Proof. By differentiating the functional using Eq. (12.ip ^. (12.11) 0 and (l2.ip o. we obtain 

/^t) = [ [b-d'xx -K{^x + di)- mx] i^x + ^)dx + p2 [ i^x + ^')t dx 
Jo Jo 

+ iP2 + 7) / '^tx^tdx + {P2 + 7) / '^X^ttdx + [ 0 t (^>x + 4 '),J. dx 

Jo Jo pi Jo 

+ j (SOxx - l^tx - PiOt - P 2 z{x, l,t) - g* Oxx) ^tdx + 

-i 


Kps 


+ 1 + /^ / ^x'^txdx - {g* ex)t ^xdx - 

Pi J Jo Jo Jo 


[ {g *6x)t^xdx - [ {g*9x)^txdx 

Jo Jo 


= b[^x^x]x=o-^ [ 'd/x^ttdx-K [ |4>^ + 4'l^dx -/3 [ Otx^xdx + P [ Ot^xdx 
Jo Jo Jo Jo 

+P 2 / '^t^txdx + P2 ^tdx + {P2 + 7) / '^tx^tdx + {P 2 + 7) / '^X^ttdx 
Jo Jo Jo Jo 

et^xdx + ^^[(l>xOtTxZl-^-^ [ Otx^xdx-6 [ ex^txdx-j [ d/tx^tdx 

Pi Pi Jo Jo Jo 


Kps 


Pi Jo 

-j {pi9t +P 2 zix,l,t))^tdx + J {g * 9x)^txdx + +/3^ J 9tx^xdx 

+ ( ~ J ~ j ^tedx 
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+ [' \<^, + ^\^dx+(p + ^) [\t-^^dx + p2 r^^tdx 

Pi Jo \ Pi / Jo Jo 

/*1 pi / Uq \ pi 

- {pi9t +P 2 z{x,l,t))^tdx - {g*9x)t^x<ix+i P 2 + 1 - 7 ^ 


'^x^ttdx 


+ 


Kps 

Pi 


+ /? - 5 / 9x^txdx. 


(4.13) 


By using (j2.9l) . we have 

+ ^[^x9trxZl -K f 1$, + Xhpdx + <5 [' 9t^xdx 
Pi Jo Jo 

+P 2 ^tdx- {pi9t +P 2 z{x,l,t))^tdx - {g * 9a;)i-^xdx. (4.14) 

Jo Jo Jo 

Now we estimate the terms in the right side of (I4.14p . Applying Young’s and Poincare’s 
inequalities and Lemma 12.21 we obtain that for any £4 > 0, 


S / 9t'i>xdx < £4 'I'^dx + 




9tdx, 


-pi [ 9 t^tdx < 64 / ^tdx + p- [ 

Jo Jo 4e4 Jo 

—P 2 [ z{x,l,t)^tdx < £4 [ ^fdx+-^ [ 2 :^(x, l,t)dx, 

Jo Jo ^£4 Jo 

M'l’x'i'J"; < 54[<|>1(1) + •sj(0)| + + 'ti(0)l. 

+ 4.= (0)| + gl[9f{l) + 9?{0)1 

Pi p^O 464 


9‘fdx, 


and 


< - 


j {g * 9x)t^xdx = - j {g{0)9x + g'*9x) ^xdx = - j {g{t)9x - g'o 9^) ^xdx 
^ J {g'o 9x) dx + y y ^Idx + y y "^l^x + y 9ldx. (4.15) 


Combining all the above estimates, we get the desired results. □ 

In order to absorb the boundary terms, appearing in (I4.12p . we exploit as in [T7], the 
following function: 

q{x) = 2 — 4x, X E [0,1]. 

We will also introduce the functionals Ji and J 2 defined by 


Mt) = Pi [ 

Jo 


^tq^xdx 


and 


Pb 


J 2 {t)=ZP 2 b ^tq^xdx + ^ {p 39 t + z'^x)q{b9x-{g*9x))dx. 


(4.16) 


(4.17) 
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Lemma 4.6 Let ($, 4', 0, z) be a solution of (|2.1I1 - (|2.2I) . For any £4 > 0, we have 

J[{t) < + ‘i>2(0)] + 2pi [' 4,2dx + m f ci>2dx + K [' ^Idx (4.18) 

Jo Jo Jo 


and 


m < -hHn{l) + 4/2(0)] - /36P3[0?(1) + 0?(O)] + eIk^ / 14), + 4/|2dx + 27^26 / 

Jo Jo 

+ ^26^^ -| ———^—|- J )J/^dx + ^^jJbp's H— J 4“ C*i(e'4) J O'^dx 

+^y 2;^(x, l,t)dx +[4(5e4 + ^6//^ +/36^|] J (g'o6»,)dx 


2,(0)/426j + pi) 


(4.19) 


where 


Ci(e4) = l^ 


ff(s)ds + 5 


2 u 2 


+ 


2/325 

£4 




(/o 9(s)ds 


Proof. A direct differentiation of Ji yields 

J[{t) = K [ (4>, + 4'),g4>,dx + Pi [ ^tq^txdx 
Jo Jo 


= ^ j 4>„g'4>,dx + AT / 4',g4>,dx - 

= - f 


Pi 


qx^t<^x 


Qx^^dx + K / ^'^g^ajdx + 2pi / 4'*dx 

Jo Jo 

A:[$2(i)+ $2^0)]+2A: / <^ldx + 2pi [ <^^dx + K [ d>^q<^^dx. (4.20) 

Jo Jo Jo 


The Young’s inequality applied to the last term gives the result. 
Differentiating J 2 it) along solutions of (|2.1I) . we find 

Jo(t) = 


'^{t) = jb f [64/,, - A'(4>, + 4)) - I36tx] q^xdx + 7 ^ 2 ^ f ^tq^txdx 

Jo Jo 

/36 

-r / [{^^xx - jdttx - PiOt - P 2 z{x, l,t) - g* Oxx) + 74'te] q{d6x - g* 0x)dx 

0 Jo 

{P'iOt + l^x)q{h9tx-{g*0x)t)dx. (4.21) 


+ - 


By integration by part, we obtain 




Qxdtldx - K-yb I (4), + 4')gf4',dx 
yp2b 


-/Jyb j Otxqdfxdx - j qxd/fdx-^j qx {dOx - {g * 6 x)f dx 
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I3bn i 
5 

Pbps 


f z{x, 1, t)q {Se^ -{g* e^)) dx + [qOt]x=l 


[ Otq {50X -{g* Ox)) dx - 
Jo 

qxO^dx - j 9tq{g * Ox)tdx + 7/36 J dixqOtxdx - J dixq{g * Ox)tdx 

= —6^7['&^(1) +'I'^(O)] + 26^7 f d/^dx — Kjb f {^x+ '^)q^xdx+ 2'yp2b f d/^dx 

Jo Jo Jo 

j ^xg'(5'* ^x)tdx -/36^1 j OtqOxdxd-^^^ j Otqig * 9x)dx + 2(3bp3 j 9^dx 

-/Jbp 2 J z{x,l,t)q9xdx + J z{x,l,t)q{g * 9x)dx - Pbp 3 [ 9 t{l) + 9t{0)] 

j 9^q[g * 9^)^dx + j {59x - {g * Ox))"^ dx. (4.22) 


Note that 


[ ^xq{g * Ox)tdx =[ d/xq{g{t)9x - g' o9x)dx 

0 Jo 0 Jo 

5^(0) y oldx + e^j j ^9'°9x)dx (4.23) 


< 1 fblJl 


£4 V 6 


and similarly 

fJbps 
b JO 
Moreover, 


9tqig*9x)tdx < ^ 5^(0) J 6'^dx+e4 J 9^dx-^ (“^) / (9'°Gx)dx. 


-I3bpi [ OtqOxdx <^ [ Ofdx + 
Jo z Jq 


213‘^b^pj 

£4 Jo 


Oldx, 


rl ^ rl Up' 

—fJbp2 / z{x,l,t)q9xdx <-^ / 2 ;^(x, 1, t)dx H - - / 9‘^dx, 

Jo 2 Jo £4 Jo 

-Kjb [ {^x + '^)q'^xdx<elK^ [ |$3: + ^|^dx + 

Jo Jo 


£4 Jo 
7^62 /■! 
4e' 




2/36 

~ Jo 


{bOx — {g * 0x))‘^ dx < (^J J 9xdx + 4/3b6 J 0^dx 




(4.24) 


and 


/36/ii 


9tq{g * 9x)dx ^ y y ^?dx + ^ J 9 {s)ds J (9 ° 9x)dx 

9ldx, (4.25) 


£4 

2 


+ ^ I 9fdx + 


I3bp2 

S ./n 


fi 1 

z{x,l,t)q{g * 0x)dx < z‘^{x,l,t)dx {g o 9x)d. 

Jo 
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+1 /fc 

£4 V 

This completes the proof of the lemma. □ 
Now, let us define the following functional 


2 / rt /-i 

5(s)ds) / 9ldx. 

/o / Jo 



(4.26) 


n x 

et{t,y)dy^tdx. 


Lemma 4.7 Let (<h, T, 0, z) he a solution of (|2.1D - (|2.2I) . For any £2 > 0 and rji > 0, we have 




<5^ + 2 


t X 2- 

g{s)ds 


0 


O’^dx-\—f z‘^{x,l,t)dx 
7 Jo 


+£2 (C'p + 1) f 'h^dx H — f g{s)ds ( [g o 9x)dx + -—^— ^t(l) 
Jo 7 Jo Jo 4?7i 4771 


+ 





0^dx 


/■ 


+£ 2 Cp / 4>„dx. 


Proof. Differentiating the functional Is and using Eqs. (12.11) . we obtain 

rl rx 

= P 2 / [SOxx - l^tx - PiOt - y 2 z{y, l,t) - g* 9^^]dy^t<Jx 

Jo Jo 

+P3 [ [ &t<iy[bd)^^ - K{<^^ + 4') - /39tx]dx 

Jo Jo 

U /■! /■! I-X 

,2 


(4.27) 


■f 


= -IP 2 / ^'idx + P2<5 / 6'a;4'tdx - p 2 j {g * 9x)ditdx - p,ip 2 


10 


to 



9tdy^tdx 



i 


0 70 
1 


10 JO 
»1 


fl px p1 px 

-P 2 P 2 I I z{y,l,t)dyditdx - Kp 3 / / 6'tdy4'dx - ^36 / Pt^J^dx 




+Kps I 9t^dx + /3p3 J 9i.dx + p3 


'0 Jo 

rx 


9tdy{b^x - /39t) 


Jo 

X=1 

a;=0 


(4.28) 


Using Young’s and Poincare’s inequalities, we find 

4(^) ^ / difdx + ^^J^ [ 9ldx + 82(1 + Cp) [ ^ldx + e2Cp [ 4>^dx 

J Jo 1 Jo Jo Jo 

■ / z^(x, l,t)dx 

Jo 


7 Jo 

.2 pi 


fjpo + ^ ^ (27^^ + h^) 

7 4£2 ^ ^ 


32 1 , 2 p 2/^2 


mdx + 


-P 2 [ {g* 9x)^tdx + P 3 
Jo 


L7o 


9tdy{bdfx - I39t) 


7 Jo 

X = 1 

X = {) 


(4.29) 


We can estimate terms in the right side as follows 


P 2 [ {g * 9x)ditdx = -p 2 [ {go9x)'d>tdx + p 2 [ g{s)ds [ 9x^tdx 

Jo Jo Jo Jo 
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and 


< 


2 rl 


+ 9is)ds J {g O 9x)dx + g{s)dsj J 0'^dx ( 4 . 30 ) 


P3 


Uo 


6»idy(64'a; - /30t) 


X = 1 


6^ .9.,. . P3b„2n\ , f 2 , P3/3^ 


- a:=0 




O^dx. 


The proof is completed. □ 

Finally, as in [6], we introduce the functional 

fl /■! 


hit) = / / e ^'^^z^{x, p,t)dpdx. 

Jo Jo 


Then the following result holds: 

Lemma 4.8 Let {^,^,9,z) be a solution of ()2.1I1 - ()2.2I) . Then, we have 

I'oit) <— - [ z‘^{x,l,t)dx -\— [ 9'fdx. (4-31) 

T Jo 'T Jo 


where c is a positive constant. 

Proof. Differentiating the functional Iq, we have 

I'oit) = -- f i e~‘^'^PzZp{x,p,t)dpdx 

T Jo Jo 

= —2 [ [ e~‘^'^^z‘^{x, p,t)dpdx — — [ [ (e~‘^'^^z'^(x, p,t)) dpdx 

Jo Jo r Jo Jq dp ^ 

= —2lQ{t) + — f 9^dx — - [ e~‘^'^z‘^{x,l,t)dx. (4.32) 

T Jo T Jo 

The above equality implies that there exists a positive constant c such that (j4.3ip holds. □ 
Now, we define the Lyapunov functional L as follows 

Tit) = NE{t) + iViIi(t) + N 2 l 2 it) + jh{t) + vh{t) + N5l5it) + hit) 

>/i(i) + ^^</2(i), t > 0, (4.33) 

where N, A^i, Ai 2 , are positive constants to be chosen properly later and v = minjy, /3}. For 
large N, we can verify that, for some m,M > 0, 


mEit) < £(t) < ME{t), t > 0. 


(4.34) 


Taking into account (14.11) . (14.71) . (j4.8p . (j4.10F (I4.12p . (j4.18F (j4.19p . P4.27F p4.3ip and the 
relations 


[ <^ldx <2 [ 

Jo Jo 


^i.dx<2l |4>a, + Tpdx + 20),^ '^tdx, 


(4.35) 
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we arrive at 


C'{t) < — { — Ni£i — 2£iV 




$?dx 


/o 


|5^-2£2CpJV5-S4 


3/^2 ^P2V 7P2b ] ^2 

2 4ei 




10 


6 vK 


4 £4 j 

^ P?^J ~ 


|4>a; + 4'| dx 


1 


-\Nib- £2 {N 2 + iVs (1 + Cp + 2C2)) - ^ 


/o 

7^62 


£4 (A’f + GCpKv) ^4 + - £4 (t' + 2 uCj,)| J 'I'^da: 


- Nmo - N 2 ( P 3 + 


Jl 

4e2 


-iVs 


'5'>3 + ^ + i|pA'^ + ^4+m(4.i+ , 

f AWa NiP''‘ 


V , ^2 2n /^Vs 5 

-(43 + 4,?) + ^ + - 

PsP" 


p'^v 

'W 


02 dx 


2/92 2e4 


^ (t'0^(o) + Cl (£ 4 )) - (5^ + 2^2) I J eldx 


+ 


(4564+ /3Vi+ /5fe/i2) + j {goO^)dx 


+ 


/?iV vgio) g{o)b‘^f 3 ‘^ (72 + p2) 
2 


2e4 


£ 4^2 


( 5 ' o 03 .) dx - 2/6 (t) 


JV„„ + £ _ ^ - 4££i^| / £3(4:, l,t)dx, (4.36) 

r A 464 4 7 J do 

where niQ = min|/? ^pi ~ 4 f ~ ^ “ ^)} ' point, we need to choose our 


constants very carefully. First, let us pick pi = and choose 

I -1 


£4 < min ' 


fn 

16 


1 ^ 1 m 


3vK 


QvK 




1 PoK \ 

A+ ^ 2 


.(4.37) 


Second, we select A^i sufficiently large such that 


Nib ^ 1 

2 “ 2£4 


2 72^2 


+ £iiKv (1 + 6Cp) — + 


1 , P3K\ 
pib) 


+ — h £ 4 U (1 + 2Cp) , 


(4.38) 


then we choose £1 so small that 


ei < 


Piv 

IGA/"! 


Next, we choose sufficiently large so that 


iV5 > - 

027 


^ ^ plCp \ tM , ^P 2 V 

^ ' 2 4£i y £4 4 
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and also select N 2 sufficiently large so that 




Furthermore, we select £2 satisfies 


£2 < mm 


Nih 


3Kv 


2 (A^2 + iVs (1 + Cp + 2C2)) ’ leiVsCp j ■ 

Finally, we choose N large enough so that (I4.34h remains valid and takes the form 

< ~Ci J ^4?^ + + |$3; + 'kp + 'k^ + + J z^{xj /9, t)d/3^ dx + C*2 J {go Ox)dx 

-CE{t) + C 3 [ {go ex)dx, 

Jo 


< -C 


(4.39) 


where Ci,C 2 ,C 3 , and C are positive constants. 

4.2 The case fj ,2 = fj-i 

If m = g 2 = g, then we can choose ^ = rg in (12. 7p and Lemma ITT] takes the form 


Lemma 4.9 Let (<k,'k, 0, z) be a solution of (|2.1I1 - (|2.2I) . Assume that gi = g 2 = g and 
g satisfies {HI) and {H2), ^ = rg. Then, the energy functional defined by (|2.5p is a non¬ 
increasing function and it satisfies 

E'{t) < -^g{t) [ eldx + § / {g' o 9x)dx <0, t > 0. (4.40) 

^ Jo ^ Jo 

The proof of Lemma 14.91 is an immediate consequence of Lemma l4.ll by choosing ^ = rg. 

If gi = g 2 = g, we need some additional negative term of fg 9fdx. For this purpose, let us 

introduce the functional ^ 

^ 7 (i) =-/03 / 9t{go9)dx. 

Jo 

Then, we have the following estimate: 


Lemma 4.10 Let (<k, T, 0, z) be a solution of (|2.1I) - (|2.2I) . Then for any 67 > 0 and t ]2 > 0, 
we have 


Ij{t) < - (^P 3 J g{s)ds - 7 / 2 ^ J Ojdx + ^7 J + £7 


1 + 


g{s)ds 


6 fdx 


+67 [ z‘^{x,l,t)dx C 2 {£ 7 ) [ {g o 9x)dx --^g{0)Cp [ {g'o9x)dx, (4.41) 
Jo Jo 2 r /2 Jo 


where 

c,(s,) = + y + + 2 + Mic,) + ds /' a{s)ds. 

d£7 2r/2 Jo 
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Proof. A simple differentiation leads to 


[ 0tigo9)^dx - p3 [ ettigo9)dx 

Jo Jo 

= - (^P3 j 9 {s)ds^ j e^dx-psj et{g'o9)dx-j g{t - s)9^{s)ds^ {g o 9^) dx 

[ 9x {g o 9^) dx -'y [ ^t{go9x)dx + pi f 9t{go9)dx 
Jo Jo Jo 


+P 2 / z{x,l,t) {go9)dx. 
Jo 


(4.42) 


Terms in the right side of (|4.42|) are estimated as follows. Using Young’s inequalities and 
Lemma 12.21 we obtain, for all r /2 > 0, 


P 3 [ 9t{g'o9)dx< ^ [ 9'fdx + ^ [ {-g'{s)ds) [ {-g'o9)d 
Jo J Jo Jo Jo 

< V / ~ ^9{0)Cp f {g' O 9x)dx. 

z Jo ^V ‘2 Jo 


(4.43) 


Similarly, for any ej > 0, we have 


and 


[ 9x (g o 9x) dx < er [ 9ldx +[ g{s)ds [ {go9x)dx, 

Jo Jo 467 Jq Jq 

-if ^t{go9x)dx < 87 [ difdx + ^f g{s)ds [ {go9x)dx, 

Jo Jo 4e7 Jo Jo 

Pi [ 9t{go9)dx <^ [ P^dx + [ g{s)ds [ {go 9x) dx 

Jo 2 Jq 2 r /2 Jo Jo 

P 2 [ z{x,l,t){go9)dx <87 [ 2 ;^(x, l,t)dx + / g{s)ds[ {go9x)dx. 

Jo Jo 4e7 Jo Jo 


Finally, 


< 


£7 


f g{t - s)9x{s)ds^ {go9x)dx 

■1 / rt 1 

g{t - s) {9x{t) - 9x{x) - 9x{t))ds) dx + 



0 \Jo 


287 


{go9x)‘^dx 


2 „i 



0 

2 

0 


1 


1 


< £7 ( / g{s)ds ) / ^^dx + ( £7 + ^J J {go 9x) dx 

< £7 ( / g{s)ds I (9^dx+(e7 + ^^ j g{s)ds j {go9x)dx. (4.44) 



Therefore, the assertion of the lemma follows by combining all the above estimates. □ 
Now, we define the following Lyapunov functional £ as: 


C{t) — NE{t) + A^i/i(t) + N2l2{t) + —Io{t) + vl4^{t) + N^I^{t) + NQlQ{t) + N7l7{t) 
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(4.45) 


+V£i 




where Ni^ A^ 2 ? -^ 5 ? -^ 6 ; positive real numbers which will be chosen later. 

Since g is continuous and 5 ^( 0 ) > 0, then for any t > to > 0, we have 

io 


re /*eo 

/ ff(s)ds > / g{s)ds = qq. 
Jo Jo 


Then, using the estimates (jM]), (gSD, gTTl . flTOli . (l4T8li . (1449]) . ilCTli . (ICTI) . CTl . (ITlTIl 
and algebraic inequality (14.351) . we get 

rl 


C'{t) < — — 2 e 4 U 


1 + /Ol 


1 , P^K\ 

plb)\ 


dx — 2 NQlQ{t) 


+ 9^) - ^ (^^"(0) + ^ (<5" + 252 ) I 


9^dx 


— < A ^7 (psg'o — V 2 ) — J ^2 { P3 + 


7 

4e2 


U 2 x Pbpz 5 

4^4 £4 4 


- 7 V 5 


^ ^ + ‘4 + '(1 (A + 


P3l3" 


T 


8 b 


9;dx 


(3vK 

< - 2£2CpN^ — £4 

f P 27 N 5 


6 vK 


1 j_P3 A-\ iC= 


r-l 


+ T| dx 


-Ni 




V 


- <^ iVi 6 - £2 {N 2 + N5{l + Cp + 2Cl)) - 


2£4 


2 P2 


26^7 + 


7 

4e? 


+ £4 


-£4 (Ku + 6 CpKv) ^ - £4 (■y + 2 'i;C'p)| J T^dx 


7 


/ 


{go 9x) dx 


+ 


PN plg{ 0 )Cp _ vg{ 0 ) _ g{ 0 )b'^P^ ( 7 ^ + pi) 

^2 2r?2 ^ 2£4 £ 1^2 

r A^ec p^N 2 Cp p?v 3 2 p 2 p?‘N^ 






7 


( 5 ' o Ox) dx 


z^{x, 1, t)dx. 


(4.46) 


Now, our goal is to choose our constants in (j4.46p in order to get the negative coefficients 
on the right-hand side of (|4.46p . To this end, let us pick pi = = 4 ^ and we pick 

£ 4 , A^i, £ 1 , A ^2 5 £2 in the same order with the same values as the case p 2 < Pi: respectively. 

Then we pick Nq large enough such that 

Nqc N2P^Cp ^ _L ‘^P‘2P^^5 

2t a ^ 4£4 ^ 4 ^ 7 


After that, we choose Nj sufficiently large so that 

4£2 


NtPsPo ^ f , 7 \ , 

-3>iV2(p3 + ^l + 


7*- ^ u (52 -I- ^ 2 ^ 5 jYg f3‘^v 


4£4 


+ 


£4 4 r 86 
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(4.47) 


+A^5 




Furthermore, choosing ey sufficiently small such that 

. / NqC P27^5 AiV2 1 

£7 < mm I ’ 4 iV 7 (l + ff 2 ) 

Once all the above constants are fixed, we pick N large enough such that there exists two 
positive constants C and Cs 


C'{t) < -CE{t) +C 3 [ {go 9^)dx, t > ffi- 
Jo 


(4.48) 


From ()4.39l) and (I4.48P , we can know that the Lyapunov functionals C are of the same form 
under the two cases: fj ,2 < and ^2 = 


£'{t) < -CE{t) +C 3 [ {go 9x)dx, t > to- 
Jo 

Continuity of the proof of Theorem 12.41 Multiplying (14.491) by ({t) gives 

C{t)E'{t) < -CC{t)E{t) + C 3 C{t) [\g o 9,)dx. 

Jo 

The last term can be estimated, using (772), we obtain 


(4.49) 


(4.50) 


/ {g ° dx)d 
Jo 


c{t) {go9^)dx<- 
Jo 

Thus, (j4.50p becomes, for some positive constant 6 * 4 , 

C{t)C'{t) < -CC{t)E{t) - C4E'{t). 


X < —^E'{t). 


(4.51) 


It is clear that 

L{t) = C{t)C{t) + CiE{t) ^ E{t). 

Therefore, using (14.511) and the fact that C'(t) < 0, we arrive at 

L'{t) = C'{t)C{t) + C{t)C'{t) + C^E'{t) < -CC{t)E{t). (4.52) 

A simple integration of (I4.52h over (to, t) leads to 

L(t) < L(to)e ^^ t>to- (4.53) 

Recalling (j4.34p . estimate (I4.53P yields the desired result (I2.10p . □ 
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